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We derive and solve the compositeness condition for the S\J{Nc) gauge boson at the next-to- 
leading order in 1/Nf {Nf is the number of flavors) and the leading order in In (A is the compos- 
iteness scale) to obtain an expression for the gauge coupling constant in terms of the compositeness 
- - - , scale. It turns out that the argument of gauge-boson compositeness (with a large A) is successful 

only when Nf/Nc > 11/2, in which the asymptotic freedom fails. 
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O i' Recently, the possible compositeness of gauge bosons has attracted renewed attention from both theoretical 
^ ' ^-nd phenomenological points of view. The experimental results at present do not exclude and may 

even suggest the interesting possibility that quarks, leptons and gauge bosons are composite Based on general 
^f) ' theoretical analyses [§,0, this idea has been widely applied in various branches of physics. In quark-lepton physics, 
T-H . various models have been considered in terms of composite gauge bosons [^,^. In hadron physics, the vector mesons 
can be interpreted as gauge bosons with hidden local symmetry The gauge fields induced in connection with 

[ the geometric phase (Berry phase) in molecular and other systems are also expected to become dynamical through 
' the quantum effects of matter, and could be considered as composite gauge bosons [^,^,0. 

[ A gauge boson interacting with matter can be interpreted as composite under the compositeness condition Z3 = 
■ I p^ , where Z3 is the wave- function renormalization constant of the gauge boson. Under this condition, the gauge 
00 field becomes an auxiliary field without independent degrees of freedom ||l^. The quantum fluctuations, however, 
I give rise to a kinetic term of the gauge field, so that a dynamical gauge boson is induced as a composite of the matter 
' fields. The compositeness conditions which have been investigated so far hold only in the large N limit, where N is 
, the number of the matter fields coupling with the gauge boson. However, in cases of practical interest, N is rather 
' small. Thus it is important to investigate the higher order effects in l/N. In our previous papers, we derived the 
QhI next-to-leading order (NLO) contributions to the compositeness conditions in the Nambu-Jona-Lasinio model |l^] 
ft) • and the abelian gauge theory |17| at the leading order in ln(A^/TO^) (A is the compositeness scale, and m is the 
' constituent mass scale |l^). In this paper, we perform a similar investigation for the non-abelian gauge theory, and 
find that the argument of gauge-boson compositeness (with a large A) is successful only when the number of flavors, 
' Nf, is so large that the gauge theory is not asymptotically free [|l^. On the other hand, many people have argued 
that the asymptotically non-free theory may encounter the problem of excessively large coupling constants at some 

Thus we observe a 



ultraviolet energy scale, suggesting the necessity for some new physics such as compositeness |20 



X, ... .- . 

J-j complementarity between gauge-boson compositeness (with a large A), if any, and asymptotic freedom in the gauge 
. - - 1 theories. 

We consider the SU(iVc) gauge theory for the gauge boson G^(a — 1,---,N^ — 1) with Nf fermionic matters 

= i,---.Nfy. 

^^^^ = -I {GU' + E^. ^ - + ^5A" C?") i^j 

ip'-G'^yf + a^"^ {d^if - 5/'' Vg^) (1) 

where G°^^ = d^C^ — d^G^^ + gf^'^'^G^^G'l, g is the couphng constant, m is the mass of tjjj, ol is the gauge fixing 
parameter, and ■rf{a — 1, • ■ • ,iV^ — 1) is the Fadeev-Popov ghost. The superscript (A) of £ indicates that the bare 
theory has a large but finite ultraviolet cutoff A. In order to absorb the ultraviolet divergences arising from quantum 
fluctuations, we renormalize the fields and coupling constant as [ pl| 

i ^ 
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where G\^^ = S^G"^ - d^C^^, +{Zi/Z2)grf°''"^G'^^G'^.^, the quantities with the index "r" are the renormahzed ones, 
and Zi, Z2, Z3, Zri, Zm, and Za are the renormahzation constants. 
Now let us impose the condition 

Z3 = 0. (3) 

Under the condition (||), Lagrangian ^ involves no derivative of G*^ so that the Euler equation with respect to G^^ 
becomes a constraint, and G*^ is an auxiliary field without independent dynamical degrees of freedom. To get the 
physical spectrum, however, we need to follow the usual renormahzation procedure with (^), where the physical gauge 
boson states do exist even under the condition (0). This means that the gauge boson is induced as a composite of 



matter fields, and hence (ffl is called "compositeness condition" |14|. 

At the lowest order in g^, Z3 is determined so as to cancel the divergence in the one-loop diagrams in Fig. A-C. 
As is well known, this is given by M 



Z. = l- 



2^^ /13 ar > 

-Nf -] Nr 



Jrl, (4) 



where / is the divergent integral, given in the dimensional regularization by / = l/Wir^e = l/87r^(4 — d) with the 
number of spacetime dimensions d. A simple-minded application of the compositeness condition Z3 = gives 



/13 a, , 

-Nf ] N, 
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To avoid the absurdity of a vanishing coupling constant, we take the regularization as an approximation to some 
physical cutoff, and fix e at the non-vanishing value e ~ l/ln(A^/m^). If we take the relation (||) as the leading 
one, infinitely many diagrams of any higher order in have the same order of magnitude, and therefore the usual 
perturbation expansion in fails, as in the cases investigated in our previous works [ |T6| , pT| . Then we need to rely 
on a or expansion. If Nc is large, the solution for in (H) becomes negative, and worse, infinitely many 

higher loops with internal gauge-boson lines would also belong to the leading order in l/Nc- Thus, the expansion 
in 1/A^c is not appropriate. On the other hand, 1/Nf can successfully classify diagrams, as we shall see below. In 
this case, the leading order contribution comes from the one-fermion-loop diagram (Fig. A), and the one-boson- loop 
diagrams (Fig. B,C) belong to the next-to-leading order. This harmonizes well with the physical picture that the 
gauge boson is a composite of the fermions. 

Now we turn to the NLO contributions in 1/Nf. In addition to the one-boson- loop diagrams B and C in Fig. , the 
multi-loop diagrams D-H in Fig. belong to this order. In Fig. , the line of small circles stands for the gauge boson 
propagator with an arbitrary number of one-fermion- loops inserted. The renormahzation constant Z3 should be chosen 
so as to cancel all the divergence in these diagrams. Though the n-loop diagram diverges like it is suppressed by 
the factor g^" oc 1//". Therefore, the leading divergent part of each diagram is 0(/")0(/~") ^ 0(1), apart from the 
powers of l/Nj. We denote this leading contribution of 0(1) from diagram Ar(=D-H in Fig. ) to Z3 by Z{X, I), where 
I is the number of the fermion loops per diagram. Different diagrams with the same X and I give Z{X, I) exactly 
the same contributions. We call the number of such different diagrams "multiplicity" of X with I. The overlapping 
divergence in G and H is separated into two parts: "f in respect to the fermion loop divergence at the three boson 
vertex part, and "m" in respect to the boson- fermion (mixed) loop divergence at the boson- fermion- fermion vertex 
part. We denote these contributions as Z(Gf, Z), Z(Gm, Z), Z(Hf, /), and Z{llm,l). 

The following properties are useful in the calculation. (a)Due to the gauge symmetry, the leading divergences cancel 
each other in two diagrams: that with a fermion-loop inserted at a three-gauge-boson vertex in some diagram and that 
with a fermion-loop inserted into a gauge-boson propagator adjacent to the vertex. (b)Because the one-fermion-loop 
(denoted by IIq^) inserted into a gauge-boson propagator (with momentum q) is divergenceless (i.e. QpTIq'^ = 0), it 
diminishes the ai-dependcnt part of the diagram. 

The divergent contribution Z{X,l) is separated into the gauge independent part Zo(X,l) and the part Za{X,l) 
linear in a^-, while the terms higher in ar are convergent. We first consider the ar-independent parts. Because the 
lowest-order fermion self-energy part and boson-fermion-fermion vertex part converge in the Landau gauge, Zo(D,l) 
and Zo{E, I) have no leading divergence. Because property (a) implies Zo{F, I) = — Zo(Gf , I) = ^o(IIf , I) for relevant I, 
and their multiplicities are / -I- 1, 21, and I — 1, respectively, they cancel out when I > 1. For I = 0, diagrams G and H 
are absent, while diagram F is nothing but diagram B (including the Ofr-dependent part), and, together with diagram 
C, contributes the second term in the square brackets in (^). Because property (a) implies Zo(Gm, Z) = —Zo(Rm,l) 
(I > 2) and their multiplicities are 21 and 2(1 — 1), respectively, diagrams Gm and Hm contribute the following terms 
to Z3: 
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Then we consider the ai--dependent parts. Due to property (b), diagrams D and E have contributions only when 
1 = 1, and F, G, and H have contributions only when no fermion-loop is inserted on one of the two gauge-boson lines. 
The multiplicities of F, Gf, and Hf, are 1,2, and 1, respectively, and those of Gm and Hm are 2 and 2, respectively, 
for any relevant I. Because property (a) implies Za(F,l) = ~Za{Gi,l) = ^^(Hf, Z) and ^^(Gm, Z) = — ^^(Hm, Z) for 
relevant I, they cancel out for I > 2. For / = 1, diagram H is absent, and the contributions from diagrams D, E, F, 
Gf, and Gm with I = 1 to are 

-^arN^Nfig^lf (7) 

times — 1 + ^l/-^ci ^l/^i I7 and 3/2, respectively, and hence (|^) times 1 in total. The contribution from 

I = has already been taken into account in (|^). Next, we renormalize the subdiagram divergences by subtracting 
the divergent counter parts of (i) each fermion loop inserted into the gauge boson lines in D-H, (ii) the fermion 
self-energy part in D, (iii) the fermion-boson vertex part in E, (iv) the three-boson vertex part in Gf and Hf, and 
(v)the boson-fermion-fermion vertex part in Gm and Hm. The contributions from the counter parts cancel out for 
even Z, and amount to minus twice the original terms for odd I. Thus in total they contribute the following terms to 

Z3- 

00 , /9\'-l 1 

^ TaTT) [I] ""^^'Mir' + l^rN^^fig'Jf- (8) 
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Collecting all the contributions in (^) and (||) together, we finally obtain the compact expression 

^ f 

The compositeness condition Z3 = with expression looks somewhat complex. We can, however, solve it for g^ 
by iterating the leading-order solution into itself. The solution is rather simple: 
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(10) 



The logarithmic term in (||) is suppressed in the solution (|l0| ) by the factor which vanishes with iteration of the leading 
solution. It is interesting that the solution does not depend on the gauge parameter a^, in spite of the fact that Z3 
does. The ofi-dependent term in is also suppressed in the solution in the same way that the logarithmic term is. 
The solution of the compositeness condition should be gauge-independent because it is a relation among physically 
observable quantities. Note that we assumed a large but finite physical cutoff A, by fixing e at a non-vanishing value 
e = l/ln(A^/m^). Because the above argument relies on 1/Nf expansion including iteration, the absolute value of 



the next-to-leading contribution should not exceed that of the leading one. If we apply it to (10), we obtain 



N, > (11) 

The allowed region of Nj/Nc by ( pi] ) is complementary to that for asymptotic freedom in the gauge theory [^. When 
the gauge theory is asymptotically free, the next-to-leading contributions to the compositeness condition are so large 
that the gauge bosons cannot be composites of the above type. On the contrary, when the theory is asymptotically 
non-free, the next-to-leading order contributions are suppressed, and the gauge bosons can be interpreted as composite 
|p2| . As was shown in the previous paper |l7|| , the NLO contribution is suppressed in the abelian gauge theory, making 
the compositeness interpretation successful. This is in accordance with the above-mentioned complementarity, since 
the abelian gauge theory is not asymptotically free. In general, in the asymptotically non-free theories with the beta 
function derived via perturbations in the coupling constant, the running coupling constant diverges at some ultra- 
violet scale. Then we should introduce a momentum cutoff, since the theory gives nothing above that scale. Some 
new physics such as compositeness is required to fill in this blank pO||. 
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The marginal value Nf/Nc = 11/2 for asymptotic freedom was derived via the renormalization group method at 
the leading order in (and exactly in and Nf). All the one-loop diagrams and the renormalization constants Zi, 
Z2, and Z3 were used there. On the other hand, ( [III ) was derived via the NLO perturbation in l/Nf, and by using 
multi-loop boson-self-energy diagrams and Z3 only. The coincidence of the marginal values Nf/Nc — 11/2 may not 
be accidental, however, because in the latter the large-A approximation implied small g^-, and we implicitly used the 
other one- loop diagrams (other than the boson self-energy) as subdiagrams, and also used Zi and Z2 (besides Z3) to 
renormalizc the divergences due to the subdiagrams, while in the former (the renormalization group method) one-loop 
contributions at some scale could be interpreted as a sum of multi-loops at the other scale. It would be interesting 
to confirm this complementarity at a higher order, or in other models such as those with scalar matter, or to argue 
from a more general point of view covering all orders. We expect that these methods and results concerning NLO 
compositeness and the concept of complementarity presented here will be useful in pursuing the composite dynamics 
of nuclei and hadrons, and the possible compositeness of quarks, leptons, gauge bosons and Higgs scalars, as well as 
useful in induced gauge theories concerning molecular, solid-state, and other systems. 

We would like to thank Professor H. Terazawa for useful discussions. 
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FIG. 1 



The gauge-boson self-energy parts at the leading order (A) and at the next- 
to-leading order (B-H) in 1/Nf. The solid, dotted, and small-dotted lines indi- 
cate the fermion, gauge-boson, and Fadeev-Popov ghost propagators, respectively. 
The line of small circles stands for the gauge boson propagator with an arbitrary 
number of fermion-loops inserted. 
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